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A graph G with diameter D and d + 1 distinct eigenvalues is said
to be (, m)-walk-regular, for some integers  ∈ [0, d] and m ∈
[0, D], m, if the number ofwalks of length i ∈ [0, ]between any
pair of vertices at distance j ∈ [0, m] depends only on the values of
i and j. In this paper, we study some algebraic and combinatorial
characterizations of (, m)-walk-regularity based on the so-called
predistance polynomials and the preintersection numbers.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, G = (V, E) denotes a simple and connected graph with order n = |V |, di-
ameterD, adjacencymatrixA, and spectrum sp G =
{
λ
m0
0 , λ
m1
1 , . . . , λ
md
d
}
, whereλ0 > λ1 > · · · > λd
and the superscripts stand for themultiplicitiesmi = m(λi). Recall that the diameter is always smaller
than the number of distinct eigenvalues, D d; see for example Biggs [1]. Let Z = ∏di=0(x − λi) be
the minimal polynomial of A. The vector space Rd[x] of real polynomials of degree at most d is

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isomorphic to R[x]/(Z). For every 0 i d, let us consider the Lagrange interpolating polynomials
λ∗i = 1φi
∏d
j=0, j /=i(x − λj), where φi =
∏d
j=0, j /=i(λi − λj), satisfying λ∗i (λj) = δij . Then, the orthogo-
nal projections of Rn onto the eigenspaces Ei = Ker(A − λiI) are given by the matrices Ei = λ∗i (A),
called the (principal) idempotents of A.
Given the graph G, with distance matrices A0(= I), A1(= A), …, AD, consider the vector spaces
A = R[A] = span{A0, A1, . . . , A} and Dm = span{A0, A1, . . . , Am}
for some integers  d andmD. Note that the adjacency (or Bose–Mesner) algebra of G,A = R[A],
is just Ad. Then, G is distance-regular if and only if
Ad = DD,
(in particular, equating dimensions,D = d). This is equivalent to the invariance of the number ofwalks
of length i 0 between vertices at a given distance j, 0 j d (see Rowlinson [12]).
Similarly, G is walk-regular if and only if
Ad ◦ D0 = D0
(where ◦ stands for the Hadamard or entrywise product of matrices) or, what is the same, the number
of closed walks of length i 0 rooted at any given vertex is a constant (see Godsil and McKay [9] and
Godsil [8]).
Inspiredby thesedeﬁnitions, the authors [4] introduced a generalizationof bothdistance-regularity
and walk-regularity, which was calledm-walk-regularity. For a given integerm, 0mD, we say that
G is m-walk-regular if the number of walks of length i between vertices u and v depends only on the
distance between these vertices, provided that dist(u, v) = jm. Thus, in terms of the above vector
spaces, this corresponds to:
Ad ◦ Dm = Dm.
In thispaperwegeneralize theabovedeﬁnitionsby introducing theconceptof (, m)-walk-regularity.
For some integers , m satisfying  d andmD, m, we say that a graph G is (, m)-walk-regular if
the number of walks of length i  between any pair of vertices u, v at distance jm does not depend
on such vertices but depends only on i, j. Therefore, G is (, m)-walk-regular if and only if
A ◦ Dm = Dm.
In fact, from the known results in the literature (and Theorem 2), we have the following equivalences:
• (d, 0)-walk-regular graph ≡ walk-regular graph [9,8]
• (, 0)-walk-regular graph ≡ partially -walk-regular graph [6,3]
• (d, m)-walk-regular graph ≡ m-walk-regular graph [4]
• (d, D)-walk-regular graph ≡ distance-regular graph [1,2]
• (m,m)-walk-regular graph ≡ partiallym-distance-regular graph [11]
Our algebraic characterizations of (, m)-walk-regular graphs are mainly based on the concepts
of predistance polynomial and preintersection number deﬁned as follows. From the spectrum of G,
consider the following scalar product:
〈p, q〉 = 1
n
sum(p(A) ◦ q(A)) = 1
n
tr(p(A)q(A)) = 1
n
d∑
k=0
mkp(λk)q(λk), (1)
where sum(·) denotes the sum of the entries of the corresponding matrix. Then, the predistance
polynomials p0, p1, . . . , pd are the orthogonal polynomials with respect to this product, normalized in
such a way that ‖pk‖2 = pk(λ0); see Fiol and Garriga [7]. Furthermore, we deﬁne the preintersection
numbers ξ kij as the Fourier coefﬁcients of pipj in terms of the basis {pk}0 k d, that is:
ξ kij =
〈pipj, pk〉
‖pk‖2 =
1
npk(λ0)
d∑
h=0
m(λh)pi(λh)pj(λh)pk(λh). (2)
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As expected,whenG is distance-regular, the predistance polynomials and the preintersectionnumbers
become, respectively, the distance polynomials, giving the distance matrices, pk(A) = Ak , 0 kD,
and the intersection numbers pkij = |Gi(u) ∩ Gj(v)|, dist(u, v) = k, of G (here Gi(u) denotes the set of
vertices at distance i from u).
2. Some characterizations
Nowwe are ready to give some characterizations of (, m)-walk-regularity. In the following lemma,
we ﬁrst give some immediate results.
Lemma 1. Let G be a graph with diameter D, adjacency matrix A and d + 1 distinct eigenvalues. Let
Sm = A0 + A1 + · · · + Am for somemD. Then, for any polynomial p ∈ R[x], the following statements
are equivalent:
(a) p(A) ◦ Sm ∈ Dm.
(b) p(A) ◦ Aj ∈ Dm, for every 0 jm.
(c) For each j = 0, 1, . . . , m, there exists ζj(p) ∈ R such that p(A) ◦ Aj = ζj(p)Aj.
Moreover, by linearity, it is clear that, if any of the above conditions holds for a basis ofR[x], then
it also holds for any polynomial of degree at most . In some of the following results, we use different
basis of such a space of polynomials.
Theorem 2. Let G = (V, E) be a graph with diameter D, adjacency matrix A having d + 1 distinct
eigenvalues, and predistance polynomials p0, p1, . . . , pd. Let Sm = A0 + A1 + · · · + Am for some mD.
Then, the following statements are equivalent:
(a) G is (, m)-walk-regular.
(b) A ◦ Sm = Dm.
(c) pi(A) ◦ Sm = Ai ◦ Sm (0 i ).
Proof. First note that (a) and (b) are equivalent because {1, x, x2, . . . , x} is a basis ofR[x], and in the
equality Ai ◦ Aj = ζj(xi)Aj , the coefﬁcient ζj(xi) is the number of walks of length i between vertices
at distance j, 0 jm.
Assume that (c) holds. Then,
pi(A) ◦ Sm =
m∑
j=0
Ai ◦ Aj =
m∑
j=0
δijAj ∈ Dm (0 i ).
Therefore,wehaveA ◦ Sm ⊂ Dm since the predistance polynomials {pi}0 i  are a basis of the space
R[x]. Then, (b) follows from dim(A ◦ Sm) dimDm.
Now note that statement (c) can be split into:
(c1) pi(A) = Ai (0 im);
(c2) pi(A) ◦ Aj = O (m + 1 i  , 0 jm).
(b) ⇒ (c1): Let 0 im. The matrix Sm operates on the matrices pi(A) as a unit for the Hadamard
product. Then, pi(A) = pi(A) ◦ Sm ∈ Dm. Thus, there exist constantsαi0,αi1, . . . ,αii such that pi(A) =∑i
j=0 αijAj . Hence, asαii /= 0 and {pi(A)}0 im and {Aj}0 jm are orthogonal basis of the same space,
we get pi(A) = αiiAi. Then, with j being the all-1 vector, we have that Ai j = 1αii pi(A)j = 1αii pi(λ0)j,
and Gi is a regular graph with degree δi = ‖Ai‖2 = pi(λ0)αii . Consequently, from
pi(λ0) = ‖pi(A)‖2 = α2ii‖Ai‖2 = α2ii
pi(λ0)
αii
= αiipi(λ0),
we get αii = 1 and pi(A) = Ai, as claimed.
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(b) ⇒ (c2): Consider the matrix N = J −∑mj=0 Aj which has zeros in the entries corresponding
to the pairs of vertices at distance at most m. Let p ∈ R[x]. By Lemma 1(c), for each j = 0, 1, . . . , m,
there exists ξj(p) such that p(A) ◦ Aj = ξj(p)Aj or, what is the same, p(A) ◦ pj(A) = ξj(p)pj(A). Thus,
ξj(p) is the Fourier coefﬁcient of p(A) ◦ pj(A) in terms of pj(A):
ξj(p) = 〈p(A) ◦ pj(A), pj(A)〉‖pj(A)‖2 =
〈p(A), pj(A)〉
pj(λ0)
,
and we get
p(A) = p(A) ◦ J =
m∑
j=0
p(A) ◦ Aj + p(A) ◦ N
=
m∑
j=0
ξj(p)Aj + N(p) =
⎛
⎝
m∑
j=0
ξj(p)pj
⎞
⎠ (A) + N(p),
where N(p) = p(A) ◦ N has also null entries if the corresponding pairs of vertices are at distance at
mostm. Therefore,
⎛
⎝p −
m∑
j=0
〈p(A), pj(A)〉
pj(λ0)
pj
⎞
⎠ (A) = N(p) (3)
so that, if we take p = pm+1, pm+2, . . . , p in Eq. (3), the sum is null and we obtain pi(A) = N(pi) for
i = m + 1, m + 2, . . . , , which proves (c2). 
From these characterizations, the role of the preintersection numbers ismade clear in the following
proposition.
Proposition 1. Let G be an (, m)-walk-regular graph with predistance polynomials p0, p1, . . . , pd. Then,
for any i, j, km, we have
(a) AiAj ◦ Sm ∈ Dm (i + j ).
(b) If i + j , the preintersection numbers ξ kij coincide with the intersection numbers pkij = |Gi(u) ∩
Gj(v)| for any vertices u, v at distance k.
(c) If i + j  + 1, the preintersection numbers ξ kij become the mean pkij of the values pkij(u, v) =|Gi(u) ∩ Gj(v)| for any vertices u, v at distance k.
Proof
(a) Assume that i, jm and i + j . Then, from the Fourier decomposition of pipj in terms of
p0, p1, . . . , pi+j and using Theorem 2(c), we get
AiAj ◦ Sm = pi(A)pj(A) ◦ Sm =
i+j∑
k=0
ξ kij pk(A) ◦ Sm
=
i+j∑
k=0
ξ kijAk ◦ Sm =
m∑
k=0
ξ kijAk, (4)
so that AiAj ◦ Sm ∈ Dm, as claimed.
C. Dalfo´ et al. / Linear Algebra and its Applications 433 (2010) 1821–1826 1825
(b) For any twoverticesu, v at distance kmwehave, byEq. (4), ξ kij = (AiAj)uv = |Gi(u) ∩ Gj(v)| =
pkij .
(c) Let δk be the average degree of Gk (that is, the distance-k graph, with adjacencymatrix Ak). Then,
if i, j, km and i + j  + 1, we get
ξ kij =
〈pipj, pk〉
‖pk‖2 =
1
‖Ak‖2 〈AiAj , Ak〉
= 1
nδk
∑
u,v∈V
(AiAj)uv(Ak)uv
= 1
nδk
∑
dist(u,v)=k
pkij(u, v) = pkij.
This completes the proof. 
In the general case, themeaning of the preintersection numbers is depicted in Fig. 1(a) as a function
of i, j (always assuming km). In Fig. 1 we also show the situation in the following “extreme" cases:
• ( = m): When G is an (m,m)-walk-regular graph, Theorem 2(c) yields pi(A) = Ai, 0 im,
which is a known characterization of partially m-distance-regular graphs; see Powers [11] and
Huang et al. [3]. In this case, ξ kij = pkij provided that i + jm (and i, j, km); see Fig. 1(b).• ( = d): In the case of (d, m)-walk-regular graphs, calledm-walk regular by the authors [4], the
condition i + j d is irrelevant (since dimA = d) andwe are in the situation showed in Fig. 1(c).
Moreover, in this case,we also have the following characterization in terms of the idempotents:
Ei ◦ Sm ⊂ Dm (0 i d).
Fig. 1. The meaning of the preintersection numbers.
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(We then say that G is m-spectrally regular.) This is because the interpolating polynomials
λ∗0 , λ∗1 , . . . , λ∗d are a basis of Rd[x] and, in the equality λ∗i (A) ◦ Aj = ζj(λ∗i )Aj , the coefﬁcient
ζj(λ
∗
i ) is the so-called crossed local multiplicity of λi, mji(λi) = (Ei)uv, between any two vertices
u, v at distance j.
• ( = d, m = D): This corresponds to distance-regular graphswhere, as it has already been com-
mented, the predistance polynomials and preintersection numbers coincide, respectively, with
the standard concepts of distance polynomial and intersection number; see Fig. 1(d).
Notice that, ifm min{2m, d}, the regionwhereξ kij = pkij is univocallydeterminedby theparam-
eters , m, and vice versa. This suggests the following characterization in terms of the (pre)intersection
numbers.
Theorem 3. A graph G with d + 1 distinct eigenvalues is (, m)-walk-regular with m min{2m, d} if
and only if there exist the intersection numbers pkij(= ξ kij ) for any i, j, km and i + j .
Proof. The necessity has already been proved. To prove sufﬁciency, the existence of such intersection
numbers can be described as in Eq. (4); that is,
AiAj ◦ Sm =
m∑
k=0
pkijAk ◦ Sm (i, j, i + j ). (5)
Let us show that this implies the characterization of Theorem 2(c): Ai ◦ Sm = pi(A) ◦ Sm, for i .
First, the result clearly holds for A0 = I and A1 = A, since p0 = 1 and p1 = x. Now, assume that
Ai ◦ Sm = pi(A) ◦ Sm for every i = 0, 1, . . . , r − 1, 1 r − 1 < . Then, taking any integers s, t m
such that s + t = r, Eq. (5) yields
Ar ◦ Sm = 1
prst
⎛
⎝AsAt ◦ Sm −
r−1∑
k=0
pkstAk ◦ Sm
⎞
⎠
= 1
prst
⎛
⎝ps(A)pt(A) −
r−1∑
k=0
pkstpk(A)
⎞
⎠ ◦ Sm
= 1
prst
⎛
⎝
r∑
k=0
pkstpk(A) −
r−1∑
k=0
pkstpk(A)
⎞
⎠ ◦ Sm = pr(A) ◦ Sm
which, by induction, proves the result. 
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